An extension of the peripheral group and its associated structures such as the meridian and longitude to knots of arbitrary dimension and genus is studied. The analogous structures are shown to provide a complete algebraic invariant for oriented spun tori, by using the Tube map of Satoh. The algebraic invariant also provides a constraint on equivalence classes of welded knots in the preimage of a ribbon torus knot under Tube, although it is shown that Tube is not injective.
Introduction
S. Satoh [1] has shown that there is an algorithm to produce a ribbon torus knot from any welded knot diagram. We follow his notation and designate this operation as T ube. Furthermore, this operation was shown to be independent of the particular representative of a welded-equivalence class of welded knots. This was proved by showing that any welded Reidemeister move induces an isotopy on the corresponding ribbon torus knots. Satoh also demonstrated that this operation is surjective, in the following sense: for any isotopy class of ribbon torus knots, there is some welded knot K such that T ube(K) lies in that isotopy class. It is natural to ask whether or not ribbon torus knots are classified by welded knots under this T ube operation; that is, given welded knots K and L, such that these are not welded-equivalent to each other, is this sufficient to imply that T ube(K) and T ube(L) are not isotopic? Here it will be shown that this is not the case, by exhibiting a specific example of inequivalent welded knots which are mapped to the same ribbon torus knot by T ube. We will consider knots which fail to be (−) amphichiral, and show that for such knots, T ube fails to be injective. Next we will examine an invariant for surface knots which has the potential to differentiate between surface knots with the same quandles, the peripheral structure, which generalizes the peripheral structure of classical knots. In addition to providing an obstruction to a torus being ribbon, it also limits the longitudes which a welded knot in the preimage of a ribbon torus knot may have, and allows a complete algebraic classification of oriented spun tori. the same diagrams as virtual knots, but with one additional move, one of the 'forbidden' moves from virtual knot theory (see Fig. 1 ). Two welded knot diagrams which may be transformed into each other by a sequence of such moves are called welded equivalent or w-equivalent. Now, it is easily seen that any classical knot diagram is a welded knot diagram. Our first theorem shows that if two classical knot diagrams are welded equivalent, then they are equivalent as classical knots as well. In order to do so, we first recall the definition of the longitude for classical and welded knots. For a classical knot, the longitude is defined as an element of the fundamental group corresponding to circling the knot exactly once in the direction of the orientation of the knot without linking; it is the canonical generator of the non-linking part of the peripheral group [4, 7] . Thus, it is an ordered list of the arcs one crosses under, where the arc's generator appears at right handed crossings and its inverse appears at left handed crossings, multiplied at the end by m −k where k is the sum of the signs of the crossings, and m is the meridian, so that the linking number is 0. This definition of the longitude extends naturally to welded knot diagrams. It is straightforward to check that this element of the fundamental group is preserved under the welded Reidemeister moves, and also that for classical knots this reduces to the topological definition. For example, we may check that under the "forbidden move," which moves an overcrossing over a welded crossing, the longitude does not change: the order in which the overcrossing will appear in the list remains unchanged. It is known [2, 4, 5] that the group system (the fundamental group, the meridians, and their corresponding longitudes) classifies (oriented) classical knots.
Theorem 1 If K and L are classical knots whose diagrams are welded equivalent, then they are isotopic.
Proof ( [7, 2] ): The group system is preserved under welded Reidemeister moves. Therefore K and L must have the same classifying invariant, and be classically equivalent. 
Satoh's Tube Map
For full proofs and exposition of the following, we refer the reader to Satoh's development [1] . We will review here only the main points of the construction. Satoh defined the operation T ube as follows. Given a welded knot diagram K, we draw a broken surface diagram [6] by placing a thin tube wherever we see an edge in the welded knot diagram, orienting the surface as shown in Fig. 2 . At welded crossings, the tubes pass over/under each other, and at classical crossings, they knot together as in Fig. 2 . The surface corresponding to the resulting broken surface diagram is defined to be T ube(K). We have from Satoh's work the following important results.
Theorem 2 For any two welded knots
Satoh proves this by showing that any welded Reidemeister move can be mirrored on the broken surface diagram using Roseman moves.
Theorem 3 For any ribbon torus knot K, there is a welded knot L such that T ube(L) ∼ = K.
In the following the * operation refers to taking the mirror image of the surface knot.
Theorem 4
The following equivalences hold for any welded knot K:
In particular, from this it follows trivially that −T ube(−K) ∼ = T ube(K). We recall here the operation on classical knots which Satoh denoted by Spun(K). Take a classical knot K and place it in a half-hyperplane copy of R 3+ within R 4 . Now rotate the half-hyperplane about its face. K will trace out a surface with the diffeomorphism class of a torus. We refer to this torus as Spun(K).
Theorem 5 For classical knots K, T ube(K) ∼ = Spun(K) for at least one orientation of Spun(K), and exactly one if Spun(K) is not reversible. We denote this orientation of Spun(K) by OSpun(K); that is, OSpun(K) is the orientation of Spun(K) which makes T ube(K) ∼ = OSpun(K) true.
Proof: We refer the reader to Satoh's construction of an explicit isotopy of the unoriented Spun(K) to the (unoriented) T ube(K). By requiring that OSpun(K) ∼ = T ube(K) as oriented surfaces, we induce an orientation on OSpun(K) via this isotopy, which is clearly well defined, unless Spun(K) is reversible, in which case OSpun(K) is reversible as well, and hence it is well The mirror image of a crossing in a ribbon torus knot. Note that the orientation of the mirror image must be flipped in order for the Tube map to be obeyed, after which −K * will yield the crossing.
defined in this case as well. Note that if Spun(K) is not reversible, then neither is OSpun(K) nor T ube(K), for if they were Satoh's construction could be applied to reverse the orientation of Spun(K).
Theorem 6 T ube preserves the fundamental group and quandle.
This follows from a straightforward computation (see the diagram). We require an additional theorem, which slightly generalizes a theorem pointed out to the author by Dennis Roseman.
Recall that horizontal reflection of a welded knot diagram is performed by reflecting the planar graph over some axis [10] . For classical knots horizontal reflection reduces to the usual reflection. We denote the horizontal reflection of K by K * .
Theorem 7
For welded knots K, T ube(K) * ∼ = T ube(K * ) where K * denotes horizontal reflection.
Proof: Draw the diagram of T ube(K) and then draw the mirror, T ube(K) * . Now look at the classical knot K which naturally yields −T ube(K) * . It is immediately verifiable that this is precisely −K * , so −T ube(K) * ∼ = T ube(−K * ).
Tube is Not Injective
We are finally ready to prove our main theorem about Satoh's construction:
Figure 5: Two tori, one which is the mirror-reverse of the other, and the welded knots which give rise to them.
Theorem 8 There is a ribbon torus knot R with the property that T ube −1 (R) contains inequivalent welded knots.
Proof: Let K be a welded knot, with K −K * . Such knots exist; take for instance the right handed trefoil which is chiral as a welded knot, since classical knot theory embeds faithfully in welded knot theory. But we have shown that T ube(K) ∼ = −T ube(K) * ∼ = T ube(−K * ), so T ube −1 (T ube(K)) contains the inequivalent welded knots K and K * . Satoh has also defined arc diagrams [1] , which are welded knots with endpoints, in order to describe ribbon 2-knots (which have the diffeomorphism type of a sphere). However, it is not clear whether this proof extends to this case or not.
It remains an open question to determine the extent to which T ube fails to be injective. For example, is it possible to place an upper bound on the cardinality of T ube −1 (R)? By considering the peripheral structure we can place a partial bound on this set, and we show that the peripheral structure is a classifying invariant on the subset of ribbon torus knots consisting of oriented spun tori. To prove this we will need to carefully examine the peripheral group [2, 4, 5] classical knots.
The Longitude Group Invariant
We define this invariant generally, for any surface knot regardless of genus, in a way which generalizes the longitude invariant of a classical knot. First we define the linking number of a path with a knot to be the sum of its intersections with a Seifert hypersurface of the knot, with an intersection being positive if the path moves through the hypersurface in a way which agrees with the orientation of the surface, and negative if it moves in the opposite way. Note that this is well defined because the Seifert hypersurface of a codimension two knot will have codimension one.
Let K be a surface knot of genus n embedded in a manifold M . Let N (K) be a regular neighborhood of K, whose closure is contained in another regular neighborhood of K, and let X = M − N (K). Let B = ∂X. Observe that B = ∂N (X), as well. There is a natural map embedding i : B → M , which is the inclusion. Therefore, there is a homomorphism i * : π 1 (B) → π 1 (K). We refer to the image of this homomorphism as a peripheral group of K, P (K). The longitude group is now defined to be those elements in the image which do not link with the knot. It is easy to see that the composition of two such elements forms another such path; hence this set is in fact a group. We denote this subgroup of the fundamental group by LG(K). We define an element of P (K) with linking number 1 to be a meridian if it bounds a hyperdisk inside B about a point on the surface knot and has linking number 1 (computed from the linking with the Seifert solid) and we denote this by m(K). The whole collection (P (K), LG(K), m(K)) will be called the peripheral structure. Note also that this definition may be immediately generalized to other dimensions. However except in dimension 1 the longitude group may be acyclic and even if cyclic may not have a canonical generator. It should be observed that if one chooses a different basepoint, then one obtains a different meridian and a conjugate longitude group; we will sometimes use the term peripheral strucure to refer to this collection and its conjugacy relations. Recall that the quandle of a surface knot may be defined in terms of nooses which link with the surface, as Joyce defined them for one dimensional knots [4] . By the topological definition of all these constructions, Theorem 9 If K, K are surface knots which ambiently isotopic to each other, then there is an isomorphism of their quandles inducing an isomorphism of their fundamental groups which preseves peripheral structure.
We can also extend a theorem of Joyce about quandles of classical knots and peripheral groups. Recall that the fundamental group of a knot has a natural right action on the quandle given by composing the quandle noose with the group loop.
Theorem 10 For a knot K with group G and quandle Q, let q ∈ Q, and let G q = {g ∈ G|qg = q}. Then G q is a peripheral group of K. Conversely any peripheral group stabilizes some quandle element.
Proof: See [4] , Thm. 16.1; the proof generalizes immediately.
Computing Longitude Groups for Surface Knots
Consider an arbitrary surface knot K. Let us take a broken surface diagram (although the method will generalize to any desired presentation). One may see that the linking number of the generators corresponding to each broken surface component of a surface knot is 1 as follows. First, it is easy to see that there is at least one generator a 0 whose linking number is 1; but since every other generator is a conjugate of a 0 , then by the additivity of linking number under path composition (which is easily verified) the linking number is unchanged. Consider the boundary of a regular neighborhood, B. It is easy to see that B ∼ = K × S 1 . Let us take a particular generating set for π 1 (B) ∼ = π 1 (K) × Z consisting of {a 1 , ..., a n } the generators of the K component, and m the generator of the S 1 component. We choose these such that Figure 6 : The three generators of the peripheral group for a torus. i * (m) is the meridian with linking number 1, and such that to find i * (a j ) we take a path on the surface of the broken surface diagram and perturb it off the surface. It follows then that to write down i * (a j ) we need only record the signed overcrossings which we encounter as we loop around the broken surface diagram. Now we wish to change generating sets so that it is easy to see the longitude group. To do so, let k j be the sum of the signs of the overcrossings encountered along a j ; that is, it is the linking number of a j . Let us construct a new generating set for π 1 (B) consisting of {m, b 1 , ..., b n }, where b j = a j m −k j . It is straightforward to verify that this really is a generating set. Furthermore, upon mapping this generating set in, we find that all the images of the generators have linking number 0 except for i * (m) which has linking number 1. But this is a generating set, so LG(K) must be generated by {i * (b 1 ), ..., i * (b n )}, because m commutes with the other generators, and therefore any element of P (K) which involves m must have nonzero linking number.
Theorem 11 For any surface knot K with the diffeomorphism type of N , LG(K) ∼ = π 1 (N )/R for some normal subgroup R, and m(K) commutes with all elements of the peripheral group.
Proof: The first part of the claim follows from the above computation direction. For the second part, P (K) is the image of a homomorphism from π 1 (K) × Z, and that m(K) is the image of the generator of Z, which commutes with anything in π 1 (B). Note that this implies that the longitude group of any sphere-knot is trivial. We now restrict our attention to the specific case of tori. For a torus, B ∼ = S 1 × S 1 × S 1 . Following the above computation we see that the longitude group is isomorphic to a quotient of Z ⊕ Z.
Theorem 12 If K is a surface knot with the diffeomorphism class of a torus, then LG(K) ∼ = Z ⊕ Z/R for some normal subgroup R. Now conisider K = T ube(W ) where W is a classical knot, identifying their fundamental groups in the canonical way. It is a straightforward computation to see that Theorem 13 The peripheral group, meridian, and longitude group are preserved by T ube when restricted to classical knots.
Proof: Take W and conider a Seifert surface for it, X. Now consider OSpun(W ), but spin the Seifert surface as well. The result of spinning X yields a Seifert solid Y for K. Furthermore choose a half slice R 3+ in which the basepoint lies. The interection of K with this half slice is just a copy of W , and the intersection Y with this slice is a copy of X; the longitude of W , when placed in this half-slice is thus seen to be a generator of the longitude group of K. In fact we can generalize this result to hold for any welded knot. For the general result for all welded knots we simply follow our usual computation method, and observe that the result is the same as for the computation the longitude of a welded knot, up to inverses.
Theorem 14
The peripheral group, meridian, and longitude group are preserved by T ube.
Proof: The first two claims are immediate. Let the generators of B be α, β, γ. Following the above method we send α to the meridian. We send β to the path which loops around the torus' meridian (not to be confused with the meridian of the peripheral group), which is a trivial loop in the fundamental group and therefore already has linking number 0. Finally we send γ to the path traveling around the equator of the torus. i * (γ) is therefore given by recording the signed overcrossings it encounters. We take a new generating element δ = γα −k where k is the sum of these signs. It is once again obvious that {α, β, δ} form a generating set for π 1 (B), and furthermore LG(K) is generated by i * (δ), since any element in LG(K) must have a reduced word consisting only of i * (δ) and i * (β), the latter being trivial. But i * (δ) is also the longitude of W or its inverse. It is tempting to try to define a preferred generator of the longitude group for ribbon tori, but this is unfortunately not possible (for if it were, then T ube would be injective when restricted to classical knots). We note however that as a consequence of the above theorem and the fact that the peripheral group of any torus knot is abelian (being the image of a homomorphism of π 1 (S 1 × S 1 × S 1 )) that the peripheral group of a welded knot is abelian. Note that this also implies that the various peripheral groups of a ribbon torus knot are conjugate to each other. It is therefore permissible to define the peripheral structure of a ribbon torus knot to include all the peripheral groups and their conjugation relations; it is clear that Theorem 15 T ube preserves the conjugacy relations among the peripheral groups.
As an additional corollary following from our computation we have Theorem 16 If a torus embedding K is ribbon, then LG(K) is cyclic.
We pose the following question: is this condition also sufficient? We conjecture that the answer is no. For consider the connected sum of a ribbon torus and a (non-ribbon) sphere embedding. The resulting torus embedding has cyclic longitude group (see Sec. 4.1), but we conjecture that for some choice of an embedded sphere, this torus will fail to be ribbon. Additionally not all nontrivial tori will have nontrivial longitude groups; indeed the connected sum of a trivial torus embedding with any knotted sphere may easily be seen to have trivial longitude group. We leave it as an open question to find an analogous condition for being ribbon for higher genus surfaces.
A Classification of Oriented Spun Tori
We define the longitudes of two knots to be inverses if there is an isomorphism of their fundamental groups which preserves the peripheral group, meridian, and longitude group, but which takes the longitude of the first to the inverse of the longitude of the second. If the entire longitude structure is preserved then we say the longitudes are isomorphic. Note that two longitudes may be both isomorphic and inverses. Further, if two longitudes are inverse then the corresponding longitude groups are equivalent. With these definitions then, we have the following:
Theorem 17 For welded knots, the longitudes of K and −K * are always inverses, and a classical knot is (+) amphichiral iff there is an automorphism of π 1 's which inverts the longitude.
Proof: For the first claim, simply compute the natural isomorphism of the groups of K and −K * . The groups have the same presentations and the natural isomorphism is thus the "identity." In these presentations the longitude of K will be a 1 1 ...a n n m −k , while the longitude of the second will be a − n n ...a
since we can push meridians through using the relations, which also shows that the peripheral group is abelian. The second part follows immediately from the invariance of the longitude structure for isotopic knots. Now Neuworth [8] points out that the triple (π 1 , P, m) (hereinafter a Neuworth triple) classifies knots up to orientation and mirror image; furthermore, this structure is preserved by T ube. It follows that if K and K are in the preimage of the same ribbon torus knot, then K ∼ = ±K or K ∼ = ±K * . Additionally we may easily compute that this triple is always preserved under the operation of reversing the mirror image. It follows from the fact that the longitudes of K and −K * are always inverses that Theorem 18 If the longitudes of classical knots K and −K are inverses, then −K ∼ = −K * .
Theorem 19
Two ribbon torus knots whose preimage under T ube contains a classical knot (eq. two oriented spun knots) are ambiently isotopic iff there is an isomorphism of their fundamental groups preserving the peripheral structure of the Neuworth triple and the longitude groups.
Proof: Clearly if they are isotopic, then there is such an isomorphism. For the other direction we will proceed to check each possible relation among the classical knots that might be in the preimage. Case 1: K is reversible, amphichiral. Then as the Tubes of these are therefore isotopic and these are the only knots with this (π 1 , P, m) triple, the peripheral structure suffices. Case 2: K is reversible, chiral. Then T ube(K) ∼ = −T ube(K), T ube(K * ) ∼ = −T ube(K * ). But furthermore we have shown that T ube(K) ∼ = T ube(−K * ), therefore all these ribbon tube knots are isotopic, and as these are the only classical knots with this (π 1 , P, m) triple once again the peripheral structure suffices. Case 3: K irreversible, not (+) amphichiral. If the Neuworth triples of K and −K differ then we are done. Otherwise, note that the longitude groups of K and −K cannot be preserved by any isomorphism of the Neuworth triples, for if it were, then the longitude of K would be inverse or isomorphic to that of −K. In the former case, since the longitudes of K and −K * are inverse as well, it follows that the longitudes of −K and −K * will be isomorphic, so −K ∼ = −K * implying (+) amphichirality. In the latter case K ∼ = −K. But if the longitude groups are inequivalent then they serve to distinguish the T ubes as well since T ube(K) ∼ = T ube(−K * ) and those are the only two of the four tubes with the same peripheral structure. Case 4: K is irreversible, (+) amphichiral. Since K ∼ = K * and T ube(K) ∼ = T ube(−K * ), there is only one T ube for these knots and the peripheral structure therefore suffices.
We note that this theorem very likely has an analogue in terms of quandles, but to rephrase it as such one must translate the longitude group correctly into an object on a quandle. This is nontrivial, because it is possible that a quandle isomorphism may not induce an isomorphism on the fundamental groups preserving the Neuworth triples. We ask if the peripheral structure is a classifying invariant for ribbon tori in general? If not, to what extent does it fail? Similarly, for welded knots is this a classifying invariant?
